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1. INTRODUCTION AND STATEMENT OF RESULTS 
In this paper we classify the maximal subgroups of O’Nan’s simple group 
O’N of order 460,815, 505,920=2g.34.5.73.11.19.31. We make con- 
siderable use of a computer, working with the 45-dimensional 7-modular 
representation of the triple cover recently constructed by R.A. Parker, and 
using Parker’s “Meat-axe” programs described in [43. It was proved by 
A.J.E. Ryba [S] that Parker’s matrices do in fact generate 3. O’N. The 
O’Nan group was first constructed by C.C. Sims as a permutation group 
on 122,760 points, and the existence of the outer automorphism was 
proved by S. Andrilli in [ 11. 
The local subgroups were classified by O’Nan in his original paper [3], 
so we are only concerned here with the non-local subgroups. In Section 2 
we produce a preliminary list of candidates, and in Section 3 we deal with 
some of the cases by hand, while in Section 4 we summarise the computer 
calculations used in the remaining cases. Our main result is: 
THEOREM. (a) The O’Nan group has just 13 conjugacy classes of 
maximal subgroups, as follows: 
L,(7):2 (2 classes) J1 
4. L3 (4):2 (32:4x.4&2 
34:2\+4. D,, L,(31) (2 classes) 
43. L,(2) M,, (2 classes) 
A, (2 classes) 
(b) There are just 10 conjugacy classes of maximal subgroups of O’N:2, 
as follows: 
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O’N J, x2 
4. L3 (4). 22 (3?4 x Ah). 22 
34:(2L+4:5).4 43. (L, (2) x 2) 
7:+?(3 x D1,) 31:30 
PGL,(9)zAA,:2 PGL2(7)=LL,(7):2 
Note. Our notation for group structures follows the ATLAS [2] (see 
also [7]). Note in particular that A. B denotes an arbitrary extension of A 
by B, while A:B and A. B denote split and non-split extensions, respec- 
tively. Also, p1 + 2n denotes an extraspecial group of that order. 
2. CANDIDATES FOR NON-LOCAL SUBGROUPS 
The non-Abelian simple groups whose order divides that of O’N are: 
A,, A,, A7 A,, 4 
L2(7)J2W2 L2W) L,(8), &(19), L2(32) 
L,(7) u,(3), L3(4h u,(8), u,(2),%(2) 
MI,, J, Ml23 M22 
We eliminate the groups in the right-hand column as follows: A,, 
-4, L,(4), u,(2), S,(2), M22, and L,(32) because O’N contains no 
elementary Abelian group of order 24; and L, (8), L2( 19), U,(3), U3 (8), 
and Ml2 because the Sylow 3-subgroup of O’N is elementary Abelian. Of 
the groups in the left-hand column, it is known (see [-?I) that the group 
contains L,(7), J1, L,( 1 l), L,(7), A,, and A,. (The containment of J, was 
proved by O’Nan in [3] on the assumption, later proved by Andrilli in 
[ 11, that O’N has an outer automorphism.) The containment of L, (31) 
and A, was demonstrated by computer using Parker’s matrices, while that 
of M,, was proved by L. H. Soicher in [6] with a clever argument involv- 
ing presentations, and later confirmed computationally. In Section 3 we 
classify subgroups isomorphic to A,, &(31), L,(7), M,,, and J,, by hand, 
and in Section 4 we classify subgroups isomorphic to A,, A,, L,(7), and 
L, ( 1 1 ), mainly by machine. 
3. SOME UNIQUENESS RESULTS 
PROPOSITION 3.1. There is a unique class of J, in O’N. 
Proof JI may be constructed by taking a group 11:lO and adjoining an 
involution inverting an element of order 10 therein. But No,N (11) r 11 :lO 
and N,,,( lO)r4 x 5:4, so there is a unique way of doing this. 
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Remark. Since L, (11):2 may also be constructed in this way, it follows 
that there is no L, (11):2 in O’N. Furthermore, since there are no elements 
of order 4 in the outer half of O’N:2, it follows that there is no L2( 11):2 in 
O’N:2. 
Now for any triple (X, Y, Z) of conjugacy classes of G, we write 
tG (X, Y, Z) for the expression 
IGI c x(x). X(Y). x(z) IW)l IC(Y)l IC(z)l x(1) 
where x E X, y E Y, z E Z, and the sum is taken over all irreducible charac- 
ters 1 of G. This is called the (symmetrized) structure constant, and it is a 
standard result that 
50 K K Z) = c lc(x ly, z), 2 
where the sum is taken over all conjugacy classes of ordered triples (x, y, z) 
with XEX, YE Y, ZEZ, and xyz= 1. 
LEMMA 3.2. There is a unique class of L,(7) containing 7A-elements in 
O’N. 
Proof. The structure constant toN (2A, 3A, 7A) = l/4 is entirely 
accounted for by the group (4 x L, (7)):2 < 4. L, (4):2. 
PROPOSITION 3.3. There are exactly two classes of L,(7) in O’N. 
Proof. L,(7) may be constructed by taking an L,(7) containing 7A- 
elements (corresponding to elements of L,(7)-class 7B), and extending the 
7-normalizer 7:3 to a group 7*:3 in which all the 7-elements are of class 7A. 
Now NoVN (7A)r7’++2:(3 xD,) which contains four 7*-groups of pure 7A- 
type, and these fall into two orbits under the D, which normalizes our 
L,(7). The results follows. 
Remark. This result was first proved by O’Nan [3], using the local 
structure and the permutation representation on 122,760 points. 
PROPOSITION 3.4. There are just five classes of A,‘s in O’N, with nor- 
malizers as follows: 
0) 3*:4x A,, becoming (3*:4x As).2 in O’N:2. 
(ii) (4 x A,):2, becoming (Ds x A,):2 in O’N:2. 
(iii) A,, becoming A, x 2 in O’N:2. 
(iv), (v) S,, interchanged by the outer automorphism. 
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Proof: We must account for the structure constant tosN (2A, 3A, 5,4) 
= 4 + 1 l/36. It is easy to see that the only A,? with non-trivial centralizer 
in O’N are (i) and (ii). Now consider the A5 which is self-normalizing in 
J1. If this had non-trivial centralizer (necessarily of even order) in O’N, 
then the outer automorphism fixing our .7t would fix a non-trivial sub- 
group of this centralizer, so the A, would have non-trivial centralizer in J,, 
which is a contradiction. Furthermore, the normalizer of this A, in O’N:2 
is contained in that of its centralizer, i.e., in J, x 2, so the A, is self-nor- 
malizing in O’N. We have now accounted for an amount 2 + 1 l/36 of the 
structure constant, which leaves 2 to account for. This must be attributable 
to a single class of S, in O’N:2, and since there are no elements of order 4 
in the outer half of O’N:2, this splits into two conjugacy classes in O’N. 
PROPOSITION 3.5. If L,(31) is a subgroup of O’N, then there are exactIy 
two classes, interchanged by the outer automorphism. 
Proof Since there are no elements of order 32 in O’N:2, it follows that 
Lz (3 1):2 is not contained in O’N:2, and so classes of L, (3 1) in O’N occur 
in pairs interchanged by the outer automorphism. Now L, (31) may be 
constructed by taking 3 1:15 and adjoining an involution inverting a given 
element of order 15 therein. But No.,(31)~31:15 and No,, (15) 
~3~:2 x 5:4, so there are exactly three ways of doing this, one fixed by the 
outer automorphism, and the other two interchanged. The result follows 
immediately. 
We move on now to consider M,, ‘s. This is a rather harder problem, 
and we require some preparatory lemmas, We use the fact that M,, can be 
constructed by taking a group 32:Q8 :2 and extending a subgroup Q8 :2 to 
2S,. Note, however, that L,(7):2 may also be constructed in this way. 
LEMMA 3.6. There are exactly two conjugacy classes of 32:Q,:2 in O’N, 
and they are interchanged by the outer automorphism. 
Proof The Sylow 3-normalizer is . _ 34 2’ +4. Dlo, becoming 
3i++4:2’f4. D,, in 3 . O’N. Now the Sylow 3-subgroup of 32:Q, :2 must lift 
to an Abelian group in 3. O’N, corresponding to an isotropic subspace of 
the 4-dimensional symplectic space delined by 3!++ 4. Calculation inside 
Sp4(3)g2. U,(2) shows that 21+4D1,, has two orbits of size 20 on the 40 
isotropic 2-spaces. 
LEMMA 3.7. The O’Nan group contains exactly two classes of 2. A,, and 
they are interchanged by the outer automorphism. 
ProoJ: Note first that the involution centralizer in O’N is a split exten- 
sion of 4. L,(4) (this being that perfect central extension which has a 20- 
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dimensional faithful irreducible representation) by an automorphism 
corresponding to the unitary automorphism of L,(4). Now any 2-local 
subgroup of L3 (4) is contained in the normalizer 24A, of one of the two 
classes of 24-groups, which are fused by the unitary automorphism. 
Furthermore, any elementary Abelian 2-subgroup of L,(4) is contained in 
such a 24-group. Now of the 35 subgroups of order 4 in 24, 15 are isotropic 
(that is, they lift to Abelian subgroups of 4. L,(4)), while the remaining 20 
are non-isotropic and fall into two orbits of size 10 under 4. 24.A,. 
COROLLARY 3.8. The normalizer in O’N of the Q8 in 3*:Q,:2 has the 
shape 4.24.Sj~4.22.S4~Q8.(2xS4). 
Now we must extend the normalizer of this Q, from Q,:2 to Q,:S, inside 
Q8 . (2 x S,). There are just two ways of doing this, one of which gives rise 
to L, (7):2, and the other of which gives rise to M,, . Thus we have shown: 
PROPOSITION 3.9. There are exactly two conjugacy classes of M,, in 
O’N, and they are interchanged by the outer automorphism. 
4. THE COMPUTATIONS 
We are left now with the cases L,(7), L,(ll), A,, and AT. We consider 
first the case L,(7), noting that we have already dealt with L,(7)‘s contain- 
ing 7A-elements in Lemma 3.2. So we take a group 7:3 containing 
7B-elements, and adjoin an involution inverting a given element of 
order 3 therein. We checked each case against the presentation 
(x, y, z ) x7 =y3 = Z* = (xz)’ = (yz)* = 1, xJ =x2) for L,(7), and then con- 
sidered what happened under the automorphism extending 7:3 to N(7:3) 
~7:6. It turns out that there are just four L,(7)‘s containing a given 7:3 of 
this type, of which two extend to L,(7):2 and are contained in L,(7), while 
the other two are self-normalizing and conjugate by elements of 7:6. 
Remark. Given the existence of a self-normalizing L, (7) we can classify 
L*(7)% completely, by hand. For 4oCN (2A, 3A, 7B)= 19, of which 8 is 
accounted for by 43. L,(2), 7 by J,, 1 each by the L2(7)‘s in each L,(7), 
and 2 by the self-normalizing L,(7). 
We verified on the computer that the group generated by one of the self- 
normalizing L,(7)% together with one of those with normalizer L,(7):2 
contains elements of order 5, so is either A, or O’N. But the 45dimen- 
sional representation is reducible on restriction to this group, so it must by 
A,. Thus the self-normalizing L,(7) is not maximal in O’N, though its nor- 
malizer L2(7):2 in O’N:2 is maximal therein. 
Now consider the case L2(11), which we approach in a similar manner. 
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We take 115 < NoVN (11)~ 1 l:lO, and adjoin an involution inverting a 
given element of order 5 therein. Again, we checked all the cases against 
the presentation (x, y, .zIx ‘1=ys=~2=(x~)3~(y~)2~~, xY=x3) for 
LZ (11). It turns out that there is only one class of Lz (1 1 ), and this is con- 
tained in J,. 
Next we deal with A,‘s, and we divide the problem up according to the 
classes of A, they contain. 
PROPOSITION 4.1. There is a unique class of A, containing an A, of type 
(i), and it has normalizer (3*:4 x A6). 2. 
Proof A, may be constructed from A, by extending A, to Sq. But 
N(A,)r3*:4 x A, and N(A,)g3*:4 x Sq, so the resulting group is a sub- 
group of 3’14 x A,, and the result follows. 
PROPOSITION 4.2. There is no A, containing an A, of type (ii). 
Proof: Similarly, we have N(A,) z (4 x A,):2 and N(A,) z (4 x A,):2 
-=c N(2*)~4~. S4 ~4~. L,(2), so the resulting group is a subgroup of 
(4 x A,):2, and the result follows. 
Next consider the case of an A, containing an A, of type (iii). We 
classified these on the computer, by adjoining an involution inverting a 
given element of order 3 in the A 5. We found that the A, extends to exactly 
two A,‘s. These are of course the A,‘s in the two classes of M,, . Since the 
A,‘s are self-normalizing, it follows that the A,‘s have normalizer Mio, 
which is contained in MI I. 
Finally, consider the case when the A, is of type (iv) or (v). We used the 
same method here, and again we found that such an A, extends to exactly 
two Ah’s, but that this time these are conjugate by outer elements of 
N(A,)rS,. Thus there is a single class of A6 containing an A, of type (iv) 
(resp. (v)). We then verified computationally that the two classes of A, in 
such an A, are not conjugate in O’N. Hence this A, contains A,‘s of both 
classes (iv) and (v), so there is a unique class of such A,, and it is self-nor- 
malizing. 
Remark. This A, is contained in A, (see below), though its normalizer 
PGL,(9) in O’N:2 is maximal therein. 
Finally, we consider subgroups isomorphic to A,, which may be con- 
structed by taking an S5 and extending the A, to two distinct A,‘.%.. Now 
the only A,% in O’N which extend to both Ss and A, are those of type (iv) 
or (v). Furthermore, such an A, extends to exactly two A,‘% so to at most 
one A, in this way. But we have already seen that A, is contained in O’N, 
so there are exactly two classes, which are self-normalizing and are 
interchanged by the outer automorphism. 
This concludes the proof of the Theorem. 
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Note added in proqf: After this paper was submitted, the same results were proved by 
S. Yoshiara, without using a computer. His paper is consequently much longer, and appears 
in J. Fat. Sri. Univ. 7’okyo 32 (1985), 105-141. 
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